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Abstract. We develop a non-anticipating calculus of variations for functionals on a space of 
laws of continuous semi—martingales, which extends the classical one. We extend Hamilton’s least 
action principle and Noether’s theorem to this generalized stochastic framework. As an application 
we obtain, under mild conditions, a stochastic Euler—Lagrange condition and invariants for the 
critical points of recent problems in stochastic control, namely for the semi-martingale optimal 
transportation problems. 
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Introduction 

In this paper we formulate a weak calculus of variations which extends the classical one. Roughly 
speaking this enables to perform a calculus on functions defined on laws of semi-martingales. We 
apply this calculus to obtain a stochastic extension of Hamilton’s least action principle. Recall 
that the classical version of this principle provides a characterization of the paths satisfying the 
Euler—Lagrange condition as critical points of a functional which is called an action. Here we 
will characterize laws of semi-martingales which satisfy a constraint that extends the classical one. 
Namely these laws will be proved to be critical points of a stochastic action. Once this extension is 
achieved we use it to relate some invariance properties of the critical processes to the symmetries 
of the corresponding Lagrangian; in other words, we derive a stochastic extension of Noether’s 
theorem. Finally we consider applications to stochastic control, in particular to some semi-martingale 
optimal transportation problems. These problems were recently introduced in [22] with application 
to financial mathematics. 

As a warm up, let us give, in an informal way, some details on our motivation and on the 
difficulties we overcome with our approach. The first motivation lies in classical mechanics. In 
classical mechanics one usually considers paths sufficiently regular to model the kinematics of a 
system. In particular if one describes the trajectory of a classical particle by a path q ■. [0,1] —>■ R 
one will usually ask q to be sufficiently regular in order to provide a realistic description of the 
observation. Namely it will be often assumed to be for both its speed qt (:= and its 
acceleration qt to be defined. Thus, for the sake of simplicity let us first consider the space of 

the paths 9 : [0,1] —>■ K as being the set of the paths providing an admissible description of the 
kinematics. The possibility to make predictions i.e., to be able to estimate the configuration of the 
system {qt, qt) at time t from the initial conditions, relies on the existence of a dynamics which is of 
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physical origin. This latter is expressed in the model by a further constraint on the q paths which 
involves a function 

£ : (cc, u) G K X R — >• C{x, w) G R 


where x (resp. v) may stand for the position (resp. the speed). This function £, which is called 
a Lagrangian, contains all the physics of the model, and the related constraint which is called the 
Euler—Lagrange condition (see [I], [2], [8]) reads 

( 0 . 1 ) ^dyC{qt,qt) = dxC{qt,qt) 

Integrating in time, it becomes 


( 0 . 2 ) dvC{qt,qt)- f dxC{qs,qs)ds = c 

Jo 

where c is some constant. Under mild conditions on C the paths q G satisfying the Euler—Lagrange 
condition can be characterized as critical points of a functional Spath which is called the action of 
the system (see [1]). It is defined by 


Spathijq) — / qt)dt 


and q is said to be critical if for all h G satisfying /ig = = 0 

~^^path{q )le—0 — 0 

where for e G R, := q +eh is a perturbation of the path. The theorem which states the equivalence 
for a path q G to satisfy the Euler—Lagrange condition (10.11) or to be a critical point of the 

action is called Hamilton’s least action principle (see [1], [2], [ 8 ]). One of the goals of this paper is 
to extend this result to some stochastic framework. 

Let us denote by § the set of laws of continuous semi-martingales such that for u G S, the canonical 
process satisfies u — a.s. for all t G [0,1], 


Wt = Wo+ [ v'^ds + 

Jo 

where (M^) is some (local) martingale on the probability space ((^([0,1], R), ^((^([0,1], R))"^, u) for 
the filtration (iFf) (which denotes the u—usual augmentation of the filtration generated by the 
evaluation process), where (< M’' >t) is assumed to be absolutely continuous with a derivative 
(a)'). Setting u = for q G we have u — a.s. for all t G [0,1] 


(0.3) 


Wt = Wo + 



Vgds 


where \® v — a.s. 


Vt = qt 


i.e. u G S and M'' = 0. Thus, let us regard § as an extension of the set of the paths describing admis¬ 
sible kinematics in an extended stochastic context. In this paper we will consider a constraint, which 
we call the stochastic Euler—Lagrange condition, that extends on S the classical Euler—Lagrange 
condition ; in particular it is a natural way to introduce some dynamics in a stochastic framework (see 
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also m)- Namely, given some suitable function £ : {t, x,y,a) S [0,1] x R x R x ! 
a law u S S will be said to satisfy the stochastic Euler—Lagrange condition if 


£t{x,y,a) e 


(0.4) 


d,£t{Wt,v^,a^t) - / dMWs,v':,a'^s)ds = 


Dirac 


for some martingale {Nj') on ((^([0,1], R), 1], R))"^, u). Indeed by taking i/ = 6, 

for q G and a Lagrangian £ not depending on a and t (10.4p is equivalent to (10.21) . By extending 

Hamilton’s least action principle to § we will relate the dynamical condition (10.41) to recent problems 
of stochastic control which is our second motivation. 

Consider the variational problems of the form 


(0.5) 

where 

( 0 . 6 ) 


inf ({5(u) : u G S, Law{Wo) = vo, Law{Wi) = vi}) 


S{v) := E, 




s)ds 


Uo 


Such problems (extending those considered in [TS], [H]) have been recently investigated in [35]; one 
minimizes among laws of semi-martingales with fixed initial (resp. final) marginal law ug (resp. ui). 
As a matter of fact they extend the so-called Schodinger problem (see [ 5 ] and [ 13 ]) j which can be 
written as an entropy minimization problem. In this latter case, where the optimal processes may 
be computed explicitly, it was noticed by J.C. Zambrini (see [12] for instance) that the optimum 
solves a stochastic Euler—Lagrange condition (|0.4I1 . On the other hand in the general case of (|0.5p . 
or by considering even more general problems where one fixes the joint law (see |14j for the case of 
Bernstein’s processes) of (Wg, Wi) to be equal to a given Borel probability 7 on R^^ x R^^, 

rl 


(0.7) 


inf < E, 


£{Ws 




L^O 


: u G S, Law{Wo, Wi) = 7 


It is not convenient to use explicit formulae: in this paper we rather state a stochastic least action 
principle which extends the classical one, proving that the optimum of these problems of stochastic 
control are critical points of a stochastic action. In the classical Hamilton’s principle the paths 
satisfying Euler—Lagrange conditions are critical points and not necessarily minimum. Similarly, 
within our stochastic extension we also allow processes satisfying ( 10 . 4p which are not minimum for 
problems of the form (lOJl) . Actually, as it will be pointed out on examples on the classical Wiener 
space for a quadratic cost, the situation is more complicated in the stochastic case of ([El. 

We then prove a Noether theorem, which we apply to the extremum of (lOAl) and (lETl) . 

We found inspiration for applications to stochastic control essentially in [ 13 ],[ 13 ], where they 
focus on Bernstein’s processes. Our results may be compared to those. We also show that in some 
cases (lEll is related to systems of coupled stochastic differential equation and to PDEs (such as 
Navier—Stokes equations). 

Finally, let us add some comments concerning technical issues. When one expresses the proof of 
the least action principle using probabilities by 


( 0 . 8 ) 




[ 0 , 1 ] 


we set Ue = and differentiate 


de 


5(Ue)|e=g. 
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where 


Ue = [Iw + 


i.e. the variation becomes the image of v by the measurable mapping '■ to ^ W to + eh for 
In a stochastic framework one will have to consider more general perturbations of the 

form 

Tfc C'([0,l],R)^a; + /c(a;) 

where k ■= J^ksds is now random and adapted to the canonical filtration. Setting 


(0.9) 


Ue := {Iw + efc)*u 


we realize that some essential properties will not necessarily hold. We do not have that is invertible 
(even almost surely) in general, and most of all in general we do not have a.e. 

{to + ek{u})) = Vf {to) + ekt{to). 


As a consequence we cannot differentiate relevant functionals in all (adapted) random directions. 
This is essentially due to the fact that such perturbations may not preserve the hltration. To over¬ 
come these difficulties we build, for any u G §, some associated vector space of variation processes, 
which is roughly speaking the set directions towards which the variations of relevant functionals on 
§ can be handled as in the classical case. Then we prove that the space is wide enough to build a 
derivative on S and to obtain a necessary and sufficient condition for (10.4p on § by means of a least 
action principle. 

The structure of the paper is the following. In Section [1] we fix the notations of the whole 
paper and we recall the variational characterization of martingales, as well as some results about 
transformation of measures preserving the filtration. In the following section we define the variation 
processes and state their main properties, namely that they form a dense vector subspace of the 
space of the adapted shifts of finite energy. In Section [3] we compute the changing formula of 
the characteristics of a u G § given several particular transformations of measure (which will be 
used to compute explicitly the differential of actions on §). We also lift transformations of space 
depending on the time to transformations on §. In Section|4]we define the differential of functionals 
defined on S in such a way that extends the usual calculus of variations by ()0.8I1 . We note that the 
definition extends directly to Borel probabilities on the space of continuous functions. In Section [S] 
we state precisely the definition of the laws satisfying the stochastic Euler-Lagrange condition, our 
hypothesis on the Lagrangian (we call it regular) and we prove the stochastic least action principle 
Theorem 15.II which is our main result. Then, in Section|6l we generalize Noether’s theorem (such as 
it is formulated by 0 ) to this general framework fTheorem l6.ll) . Section[7]is devoted to applications 
in stochastic control and in particular to the problems considered in |22j . Namely we obtain some 
information on the optimum of variational problems by using the stochastic least action principle 
and Noether’s theorem. Finally in the last section we illustrate the content of (j0.4p in the case of the 
classical action defined on § and we investigate the corresponding critical processes. In this case we 
relate the results to systems of stochastic differential equations and provide some explicit examples 
and counterexamples. 
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1. Preliminaries and notations 

1.1. The path spaces and their stochastic counterparts. In the whole paper (17, .4, P) will 
always denote a complete probability space and {At) a filtration on 17 satisfying the usual conditions 
(i.e. right continuous and complete) such that for all t G [0,1], At C A. Under these hypothesis, 
following [7], we call (17, 4l, {At)t^[Q^i],'P) a complete stochastic basis. We emphasize that all these 
assumptions are crucial for our results to hold. The most convenient way to handle transformations 
of laws of stochastic processes whose trajectories are sufficiently regular is to consider them as 
random trajectories. Thus consider the space W = (^([0,1], of continuous functions on [0,1] 
with values in R.'^. Processes will be often regarded as random elements taking their values in W, 
and we will sometimes call the elements of W paths or trajectories. 

We recall that lU is a separable Banach space with respect to the norm \.\w of the uniform 
convergence {\oj\w '■= supjgjQ |w(t)|Rd). We can consider the related Borel sigma field B{W), 
which turns W into a measurable space. Within this perspective, we consider a continuous stochastic 
process (-^t)te[o.i] as a 4l/S(IU)— measurable mapping X : 17 —7> lU. 

We denote by Vw the set of Borel probabilities on W, which are the laws of the continuous 
processes seen as random trajectories. We denote /*P the image of a measure P by a measurable 
mapping / : 17 —^ 17 where (17,^1) is some other measurable space. 

In the sequel we shall work under the usual conditions that insure existence of sufficiently regular 
modifications of martingales. Therefore we will always work on complete probability spaces with 
filtrations satisfying the usual conditions (i.e. complete and right continuous). Taking this into 
account we introduce the following notations. If ry G Vw and C/ is a sigma-field such that Q C B{W) 
will denote the ry—completion of Q i.e. the smallest sigma field which contains all the elements 
of G and all the ry—negligible sets. The unique extension of ry G Vw to B{W)^ will be still denoted 
by ?y. We denote by (Wt) the evaluation process defined by 

Wt'.ujGW^ Wticu) G 

for t G [0,1]. For ij G Vw, {Wt) defines a process on the probability space (IF, i3(IU)'', ly) : it is how 
we will consider it in the sequel. The corresponding measurable mapping is the identity 

Iw '■ OJ & W ^ uj & W 

which is Borel measurable (and thus S(IF)’'/i3(IU)—measurable). 

By considering a path a; G W, and denoting by g Vw the Dirac measure concentrated on 

w (i.e. S^^^°‘°{A) = Ia{^), a G B{W)) we obtain an embedding 

W irac Vw- 

In this sense any path can be seen as a stochastic process, and the weak calculus of variations we will 
introduce below is such that, through this embedding, it extends the classical one. More generally 
transformations of measures can be formalized by transference plans (Borel probabilities of IF x IF). 
In this work we shall not need this generality: transformations of measure will be merely achieved by 
images of probabilities induced by measurable mappings. More precisely we will handle equivalence 
classes of mappings. For {Gl,A,V) a complete probability space, M'p{{Gl,A), {W,B{W)) will denote 
the set obtained by identifying Fl/i3(kF)—measurable mappings / : 17 —>• IF which are V — a.s. equal. 
Following m we will sometimes call the elements of this space morphisms of probability spaces. If 
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U € A), {W, B{W)) and / : —>• VF is a measurable mapping we will note P —a.s. 

U = f to denote that the P—equivalence class associated to / is U (i.e. the P—equivalence class U 
can be seen as the set of the measurable mappings g : n —>■ bb such that V — a.s. f = g). 

Similarly if y G M'p{{n,A), {W,B{W)) we will note V — a.s. U = V to denote that U and V are 
the same P—equivalence class. 

We introduce the Hilbert space of the absolutely continuous functions on [0,1] vanishing at t = 0 
with a square integrable derivative 

i? := |/i : [0,1] —>■ h := J hsds, J < oo 

(the so-called Cameron-Martin space) and we note < . >h (resp. |.|iL) the corresponding Hilbert 
product (resp. norm). Then we denote by Wabs the subset of W whose elements are absolutely 
continuous functions (i.e. the set of w G bb of the form w := cosds) and by i/o.o the subset of H 
given by 

(1.10) Ho^o ■■= {h € H : hi = 0} . 


Note that by definition of iJ for /i G Hq q we have ho = hi = 0. In the classical setting this set is 
the set of variations. Our main task will be to build its counterpart in the stochastic framework, 
and we will need to consider spaces of (equivalence classes) of mappings taking almost surely their 
values in such spaces. 

When Eisa Borel measurable subset of bb, let us denote by {V, E) the space of the P—equivalence 
classes of mappings u (i.e. u G M-p{{^},A), (bb, H(bb))) such that V — a.s. u G E. To control the 
integrability within this stochastic context, we also need the space (resp. T^(P, iJo,o)) of 

the functions u G (resp. in L°(P,i7o,o)) such that < oo i.e. 

r n 


E-p 



< oo 


yo J 

where V — a.s. u = J^iisds. Similarly L°°{V,W) (resp. L°°{P,H)) will denote the set of u G 
T°(P,bb) for which there exists a > 0 such that V — a.s. \u\w < Ku (resp. \u\h < Ky). One 
of the main differences with respect to the classical case is that our variations need to preserve 
the filtrations, and our processes will be adapted. If {^l,A,{At)t&[o.i],P) is a complete stochastic 
basis (see above) we denote by Ly{V,H) (similarly for the other LP{'P,H) and L^{V,Hofi) spaces) 
the subspace of u G L‘^{'P,H) such that (t,w) —>■ ut{uj) G is (bl*)—adapted for any (and then 
all) continuous processes whose P—equivalence class is u. For u G L^{'P,Wabs) we can always 
find J^Usds in the equivalence class of u so that (f,w) —>■ Ut is (bl*)—predicable: we choose such 
modifications of the derivative unless expressively stated. In particular, for ij G Vw, (•77)te[o,i] will 
denote the g—usual augmentation of the filtration generated by the evaluation process (lb), with 
the convention = B{W)'^. The space H) (similarly for the other spaces) will denote the 
set H) for (H, A, V) = (bb, B{W)^, rj) and the filtration (E^). In the whole paper A will denote 

the Lebesgue measure on [0,1]. Finally, for convenience of notations, if u := iisds G Ta(P, Wats), 
and T is an (bit)—stopping time we note 


tTt-u := 



iisds 


the process stopped by r. 
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1.2. Martingales by duality. The variational characterization of martingales is a result of sto¬ 
chastic control (see [1] and the references therein) which relies on duality. Since it will play a central 
role in this paper we provide here a precise statement of this result. 

Let (v4t)tg[op],P) be a complete stochastic basis. The mapping 

r : /3 e L\V, R'") ^ [ E, [/3| ds e LI{V, H) 
do 

defines a linear operator which is continuous by Jensen’s inequality. Its adjoint is given by the 
operator 

q : u € L'1{V, H) ^ Ui := f iisds € {V 

Jo 

which is also linear and continuous. Indeed from the definitions we obtain directly 
(1.11) E-p[< q{u),P > R < i ] = E-p[< u,r{P) >h] 

for any fd G L^(P,R‘’*) and u G L\{P,H). By a classical result of functional analysis (see [H] 
Chapter VI Lemma 6 for instance) the orthogonal of the kernel of q (i.e. g“^({0i2(-p Rd)})) in the 
Hilbert space L^{V,E{) coincides with the closure of the range of r in L^(7^,iJ). As a matter 
of fact, by a stopping argument, it is straightforward to see that this latter space is the space of 
maps u G H) with a martingale derivative. A precise statement of this result is the following 

orthogonal decomposition of L^{V,E[) which immediatly yields the variational characterization of 
the martingale: 


Proposition 1.1. For any complete stochastic basis (H, A, (At)tg[o,i], P) we have 

(1-12) LliV, H) = MaiV, H) ©i LliV, Hop) 


where Ala(P, Lf) is the set of u € L'^{V,H) for which there exists a cddldg {At)—martingale 
(-Wt)ie[o.i) such that V—a.s. 


u = 


Mgds 


and where 


(1.13) LliV, Hop) := {h G Ll{V, H)-.V- a.s. hi = 0} 

In particular, for ol G L‘^{V, M'^), if 

C{a) := {u G Lo(P, H),V — a.s. ui = a} 


and 

I :a€L^{V, R'^) ^ I{a) G R U {oo} 


is defined by 

I{a) := inf {{E-p [lulfj] : u G C(a)}) , 


for any a G Dj := {a G Lf{V,M.‘^) : I{a) < oo} the infimum is attained by a unique element 
u*{a) G C{a), which is the orthogonal projection of any (and then of all) element(s) of C{a) on 
M.a{V ,H). Conversely if a u € C{a) is an element of A4a{V, H) it attains the infinimum of I (a). 


REMI LASSALLE AND ANA BELA CRUZEIRO 


Remark 1.2.1. For convenience of notations we considered valued processes in the proofs of 
Provo sition \l.l\ and Provosition \1.2\ but the result also holds for processes with values in any separable 
Hilbert space, as it is well known. Moreover by taking some trivial probability space one obtains as 
a particular case that the orthogonal to Hq q := {h G H : hi = 0} in H is the set of h G H such that 
there exists a Ch G with a.s. for all s G [0,1] hg = Ch- 

The following result is dual to Proposition [TT] : 

Proposition 1.2. Let {At)teio,i],'P) be a complete stochastic basis and let be 

the set of the a G such that a is Ai- measurable. Then the set of a G that can 

be attained by an adapted shift (i.e. such that there exists au G L^{V,H) with V — a.s. ui = a) is 
a dense subspace of (fP,W'‘; Ai-) for the topology. 

Proof: First note that the set of a S that can be attained by an adapted shift coincides 

with the range q{Ll{T’, H)) of q. Hence, if we denote by q{Ll{'P, K'^)) the closure of q{L‘l{V, H)), we 
have to prove that q{L‘^{'P,R‘^)) = L‘^{'P,'R.‘^;Ai-). By continuity C L‘^{PAi-), 

and since this latter space is closed we obtain 

(1.14) q{Llir,Rd^)(iL\V,R‘^;Ai-) 

We now prove the converse inclusion. By duality, the closure of q{L^{V,H)) is the orthogonal in 
L'^{'P, H) to the kernel r“^({0}) of r, which is given by 

r-i({0}) := |a e L^{V,W^) : V - a.s. E-p[a\As]ds = 0 

By considering a right continuous modification of {E'p[a\At])t^[op], 1^6 martingale convergence 
theorem yields 

(1.15) r”^({0}) = {V- a.s. Ev[a\Ai-] = 0}. 

Let X G L'^{P,R‘^-,Ai-) and a G r“^({0}). Then, by definition, 

Ep [< X, a >Rii] = Ep [< X, Ep [a|.4i_] >Rd] = 0. 

Hence 

L\V,W^-,Ai.) C r-\{Q})^ = q{Ll{V,W^)) 

Together with (11.141) we obtain the desired result. □ 

1.3. Transformations of measure preserving the filtration. In this section we introduce iso¬ 
morphisms of a filtered probability space, which are usually used to perform transformations of mea¬ 
sure preserving the filtrations, in particular in Malliavin calculus. Here we will handle morphisms of 
probability spaces (see above). Indeed the results we use only provide existence of equivalence classes 
of mappings measurable with respect to completed sigma fields. Recall that XIp{{p.,A), {W,B{W)) 
denotes the set of P—equivalence class of .4/H( IT)—measurable mappings / : H —>• IT. To avoid 
heavy notations, whenever we handle a property which does not depend on the element in the 
equivalence class, we implicitly denote with the same letter U G Mp{{Ll, A), {W, B{W)) and a 
.4/H(IT)—measurable mapping in this class. However within this whole subsection we will make 
the difference, in order to avoid any ambiguity on the notations. The main properties related 
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to transformations of measure preserving the filtrations concern their inverse images and pull¬ 
backs. If C/ is a sigma-field and 1/ is a P—equivalence class of „4/;B(hh)—measurable mappings 
(i.e. U G M'p{{Q.,A), (W,B(W))), we denote by U~^{G) the P—completion of for any (and 

then all) measurable f : V, ^ W such that V — a.s. U = f (i.e. U is the P—equivalence 

class of /, see above) and we call it the inverse image of Q by U. This name is justihed by its 
behaviour by pullback which we now recall. 

Given rj G Vw, and U (resp. X) a 77 —equivalence class of (IT)''/;B(IT)—measurable mappings 
(resp. a P—equivalence class of ^/,B(IT)—measurable mappings), under the assumption that X^V 
is absolutely continuous w.r.t. rj (i.e. X^,V << rj) we have V — a.s. 

fuogx = fifO 

for any measurable fu,fij : IT —>■ IT (resp. gx,gx ■ ^ ia the 77 -equivalence class U (resp. 

in the P—equivalence class X), where fu ° gx : w G O —>• fu{gx{^)) G kb (similarly for o g~). 
We denote hy U o X the P—equivalence class of the AjBiW) measurable mapping fu o gx for any 
(and then all) such fu and gx ■ Then, for all sigma field Q of W 

(1.16) {Uox)-\g) = x-\u-^ig)). 

This is related to adapted processes in the following way. Denote by (,B°(IT))tg[op] the filtration 
generated by the evaluation process on IT i.e. for all t G [0,1] 

B^iW) := aiWs,s<t), 

Since we shall deal with progressively measurable processes and cadlag modifications of martingales, 
for rj G Vw we will consider its usual augmentation (Jy')tg[op] (under 77 ). We recall that 

Xf := S?+(IT)'' 

for t G [0,1]. Here we adopt the conventions that at t = 1 the usual augmentation is just the 
completion and that B'Ij^{W) := B{W). Similarly, for U G M'p{{n,A), (IT, H(IT)), we will need to 
consider the following filtration generated by U. To any / : D —>■ IT which is bl/yB(IT)—measurable 
for all t G [0,1] denote 

■= cr{fs,s< t) 

where (ft) is the measurable process associated to / by 

(ft) '■ (i,w) G [0,1] X IT —>■ /t(w) := ITt(/(a;)) G K.'^. 

Note that by definition we also have for all t G [0,1], g( = f~^{B^{W)), and that it is elementary to 
check that C//+ = /“i(H[’+(IT)). Then, if {ft, A, (A)tG[o.i] , P) is a complete stochastic basis we say 
that U is (bit)—adapted if and only if any (and then all) bl/yB(IT)—measurable / : fl —>• IT such that 
V — a.s. U = f is (bit)— adapted i.e. for all t G [0,1], g{ C bit. We define the filtration generated 
by U, which we note (1/t^), to be the usual augmentation with respect to V of the filtration (C//) for 
any (and then all) bl/H (IT)—measurable / such that V — a.s. U = f. In particular for all t G [0,1] 
it is elementary to check that with these definitions 

(1.17) g^ = U-^{BliW)) = t/-i(j-^^) 

and that, due to our hypothesis on {At), U is (blt)-adapted if and only if for all t G [0,1] 

(1.18) C bli. 
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Thus, by (11.161) if U is (^t)-adapted and X is (Jy') adapted U o X is also (ylt)-adapted. Conversely, 
an easy criterion for the existence of an adapted pullback is the following Proposition. We emphasize 
that it only yields the existence of a measurable function which is measurable w.r.t. the completed 
space with equality up to negligible sets. 

Proposition 1.3. Assume that Y,X are two V — equivalence classes of AIB{W)— measurable map¬ 
pings (i.e. two elements of M'p{{n,A),(W,B{W)). Then the following assertions are equivalent 
(i) Y is adapted to the filtration generated by X i.e. for all t G [0,1] 

c 

where {Gf^) (resp. {Gj)) is the V—usual augmentation of the filtration generated by any 
AfB{W) mesurable fx ■ ^ ^ W (resp. gy '. ^ W) whose V—equivalence class is X 

(resp. Y). 

(a) There exists a F G Mx^'p{{W,B{W)^*^),{W,B{W)) which is adapted such that 

V — a.s. 

Y = FoX 

where Fo X denotes the pullback defined above, and (F(^*'^) — is the XfiP-usual augmentation 
of the filtration generated by the evaluation process. In particular 

Moreover the two following assertions are equivalent : 

(1) X and Y generate the same filtrations i.e. for all t G [0,1] 

rY _ rX 

yt = yt 

(2) There exists a F G Mx„v{{WtB{W)^*'’^),{W,B{W)) which is adapted and a G G 

My^-pllW, B{W)'^*'’^), {W,B{W)) which is adapted such that V — a.s. 

Y = FoX 

and 

X = GoY 

Moreover — a.s. 

G O F = I\\r 

and — a.s. 

F o G = lyy 

Proof: Similar to the proof of the Yamada-Watanabe criterion (see i). □ 

The isomorphisms of filtered probability spaces play a key role in Malliavin’s work. We now state 
their definition. First note that whenever A is complete, / : —>■ IF is v4/yB(IF)—measurable if 

and only if it is A/B{W)f*'^ measurable. This ensures that the pullbacks below are well defined. 
Let r],n G Vw- We say that U € M'p{{W,B{Wy),{W,B{W)) with U^,r] = u is an isomorphism 
of filtered probability spaces on {W,F(^,r]) to {W,F^,iy) if U is adapted and if there exists 

U G M,y{{W,B{Wy), {W,B{W)) which is adapted and such that 77 — a.s. 


U o U = Iw 
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and V — a.s. 


U o U = JvK 


where /w : w G IF —>■ w G W. In this case U is unique and we call it the inverse of U. Note that 
by (I1.16P and (11.171) we have, 


Gr = n 


and 


nV 

Gt 


— T'^ 

— ■'t 


for all t G [0,1]. We emphasize that, with this definition, the invertibility may fail on some negligible 
set. Explicitly for fjj (resp. f^) B{W)'^/B{W) (resp. B{WY/B{W)) measurable whose equivalence 
class is U (resp. U) the equality fu ° fjj = Iw (resp. ffj ° fu = Iw) is merely assumed to 
hold rj — a.s. (resp. v — a.s.). In particular this definition doesn’t claim the existence of a Borel 
measurable bijection (invertible everywhere) in the equivalence class of U. Note also that any such 
U induces an obvious isometric identification of the spaces of rj and 11^,7] (and of the E^(i 7 , H) and 
L'^{Ui,'q,H)) which is sometimes used as an alternative definition (just consider k G LP{Ui,r],H) —>• 
koU G H) for instance). Useful characterizations to handle isomorphisms of filtered probability 
spaces are provided by the following proposition: 


Proposition 1.4. Let rj G Pw o.nd U G M-p{{W,B{W)^),{W,B{W)). Then the following are 
equivalent 

(i) U is an isomorphism of filtered probability spaces on {W,J-^,ri) to (IF, CUry) 

(ii) For all t G [0,1] 

(1.19) = Tf 

(Hi) U.19\} holds for all t G [0,1) and, for all X,Y G M'p{{^,A), (IF,.5(1F)) defined on the same 
complete space {fl,A,P) such that 

X^V = FP = 77, 

we have 

V - a.s. U{X) = U{Y) P- a.s. X = Y 

(iv) holds for all t G [0,1) and, for every eomplete probability space {fl,A,P) and for all 

Y G Mp{{Q, A), {W, B(W)) such that Y^^P = Ui^rj, there exists a X G Mp{{Ll,A), (W,B{W)) 
with XfP = rj such that P — a.s. 

Y = UoX 

Moreover, in the ease where one of the above assumptions is satisfied, X in (iv) is unique. 

Proof: Similar to the proof of the Yamada-Watanabe criterion (see i). □ 


Remark 1.3.1. In practice (ii) is useless to obtain (i); since one may use (Hi) to prove that 
Qi = Fi = B{W)'^, (Hi) is the most efficient criterion to obtain (i). 

In the sequel we will need to control the initial behaviour of isomorphisms, namely we will need 
them to preserve the initial information. For this reason we set the following definition. 
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Definition 1.1. For rj € Vw, we denote by the set of isomorphisms of filtered probability 

spaces U G Mr,{{W,B(W)’^),(W,B{W)) on (W,iF^,r]) to which further satisfy 

<j{Wor = <JiUor 


Remark 1.3.2. Note that by Dynkin’s lemma an isomorphism of probability spaces on 
to {W,iF^*'^,Ui,r]) is an element ofI^{r]) if and only if there exists a /B{M.^)— measurable 

function / : —>• and a B{M.‘^)^°*^/B(R.‘^)— measurable function g : R'^ —>• R'^ satisfying 

Uo*V - a.s. (resjn - a.s.J ff°f = ^R‘‘ fresp. f o g = I^d) such that p - a.s. Uq = g(Wo) 

and Ui,r] — a.s. Uq = /(Wq) where U denotes the inverse of U. In particular for v G Vw, if U 
is an isomorphism of probability spaces on (W,iF1^,ri) to then U G Ifir]) if and only 

if U G If{n). Using this it is straightforward to check that if U G If{ri) and T G Ij(Ui,r]) then 
ToU Glj{r]). 


1.4. Some spaces of laws of continuous semi-mart ingales. 

1.4.1. The space §. Within our stochastic extensions, the space § will play a role analogous to the 
path space of the R'^-valued functions on [0,1] in the classical calculus of variations. In 
the whole paper S will denote the space of the Borel probabilities u G Vw for which there exist 


(i) A continuous (IFj;')— local martingale (Mlf) and a {iF^)— predicable process (vf) defined on 
the space {W,B{WY, v) such that v — a.s. for any t G [0,1] 


( 1 . 20 ) 


Wt = WQ + Mf + 


'ids 


(ii) Two Afd(R) valued predicable processes (aj) and {<jf) related by 


a'i := 


such that 

\{a'ff^\dt < oo 
\{^tT?dt < oo 

for all i,j G [1, d] and v — a.s. 

<(M'')\(M''y >= f {a-'J^ds 

Jo 

where Afd(R) denotes the set of d x d matrices endowed with its usual topology, and where 
< .,. > denotes the predicable quadratic co-variation process. 

Note that for u G S the continuous local martingale {M^) and the finite variation term (f^ w^dt) 
are unique up to a u-evanescent set. Hence to u we associate canonically its martingale part (resp. 
its finite variation part) which is defined to be M'' (resp. h''), the element of L°(u, W) (resp. 
L°(u, Wabs)) such that v — a.s. for all t, Wt o M'^ = Mjf (and v — a.s. b'' = J^vfdt). On the 
other hand we note (vf) (resp. (a^) equivalence classes of (J")^)—optional processes which are 
A O u equal to (vf) (resp. to (S^)). Actually we can always chose a (Jy'^)—predicable process in the 
equivalence class of (vf) (resp. of {af)) and we will do this, unless it is explicitly stated that we 
take it optional, or more precisely (when such a modification exists) that we take it right continuous 
and (Jq*^)—adapted. 
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Definition 1.2. For v G S we note M'^ (resp. b'^), both elements of {W,B{W)), 

the martingale part (resp. the finite variation part) of v and we call (f^ vfdt) (resp. (Jp afdt)), such 
that V — a.s. 

<M^ >= [ afdt 
Jo 


and V — a.s. 

b''= [ vfdt 

Jo 


the characteristics of v. 


2. Variation processes 

2.1. Vector space of variation processes. 

Definition 2.1. For v G Vw we denote by the set of h G Ll^{i',F[) such that for any U G I/(u) 
(see Definition \l.l\) we also have G where 

(2.21) U^:=U + h 

Moreover V(f° (resp. Vf), resp. V0’°°) will denote the linear subspace ofVv defined by 

:= KnL“(u,lV) 

VO ■.= V,nL‘^iiy,Ho^o) 

V0.°“ := Vfi° n V° 

We say that h G is the variation process of the curve {T^hW)eGS. C Vw o,t v where for any 
k G L(^{u,F{), Tk denotes 

Tk ■= Iw + k 

Proposition 2.1. For any v G Vw, Vv is a vector subspace o/L^(u, il). 

Proof: Consider u G Vw, an element h G V,^, e G M.. We first prove that eh G W. Let U G Vj{r]). 
For e G K/{0} set 

= U + eh 

We have to prove that G Note that 

(2.22) = e{U^ + h) 
where 

:= -U 
e 

Since U G 2i/(u) by Proposition 11.41 we also have G 2i°(u). Hence by the definition of W, 
+ h G Similarly, by (j2.22l) we have G 2i°(u). Therefore, if /i G W and e G M, e/i G W- 

We take h,k gV^, and we want to derive h + k G V),- For U G 2iy(u), we need to prove that 

Uk+h .-u+ h + kGlJ}{iy). 

Since k G W, -.= U + k G Vf{v). On the other hand since h G V^, and [/^+^ = JJ^ F h, the 
definition of W yields g (u) . Therefore 14 is a vector space. □ 
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Remark 2.1.1. First note that for v S Vwj by Proposition it is straightforward to check that 


CV,ClLl{v,H) 


and 

In the case where v = (Dirac measure concentrated on h € H) we have Lf^(y^H) ~ H and 

L'^{v, Hq^o) ~ Hq q so that all the inclusions become equalities. On the other hand if we take v € S 
to be the law of the solution to Tsirelson’s equation (see |24j or i; whieh we note 

dXt = dBt + Vt{X)dt 

then the v-equivalenee class of Iw is an isomorphism of probability spaces on (W, ^ v) and Vgds S 

L(^{v,H) but Iw — fgVsds is not an isomorphism of filtered probability spaces (see [TU], pS] .|11) ). 
By localization one can build examples of probabilities in S where is a proper linear subspace of 
L^(u, Ro,o)- However we shall see that fortunately for any v S Vw these injections (except those of 
H and Hq^q) are always dense in the topology of if [v, H) for any z/ € S. 

The following Proposition shows that the variation processes are invariant by isomorphisms. Since 
we will not use it in the sequel, it can be skipped in a first reading. 

Proposition 2.2. For any v G Vw and any U G 'lff{v) we have 

—ju 

More precisely the mapping ju defined by ju ■ h G Vu^i, —>■ hoU G is a bijection (and an isometry) 
of Vu^v onto Vi/ whose inverse is given by j^ : h gV^ ^ ho U G Vu^u where U is the inverse of U. 

Proof: Consider v G Vw and U G whose inverse is denoted hy U G I°(C/*u). By symmetry, 

to prove the result it is sufficient to swhow that for h G Vuw have ju{h) G Vv Hence we consider 
T G Vj(u), whose inverse is denoted by T G I^(T*u) and we prove that 

pcf(h) _ y 

is an element of Vj{v). To see this, note that Toll G I°(C/*u) (with inverse UoT G I^(T*u)). Since 
h G Vu^u, we have 

T'* := T o U + h G 

We denote by G o C/)*u) the inverse of T^. Finally, by definition, u — a.s. 

J'juih) _ rph Q JJ 


so that G 21/(u) with inverse U o S^. This achieves the proof. 


□ 
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2.2. Density of variation processes. 


Proposition 2.3. Let he a complete stochastic basis and let pn he the linear 

operator defined by 

p. ri—1 

(2.23) Pn ■■ u € LI[V, H) ^ Pn{u) ■— /'E Tl 1 fc+1 j is) (u^-u^)ds€Ll{V,H) 

k=2 

Then for any u G L^iV,H) {pn{u)) converges to u strongly in L‘j^{V,H). Moreover it satisfies 
V — a.s. 

(2.24) \pn{u)\w <— 2)\u\w 
and 

(2.25) \pniu)\H < \u\h 


Proof: Inequality (12.241) follows from the definition. On the other hand (12.251) directly follows from 
Jensen’s inequality so that p„(u) is also a contraction of Lfi(V,H) i.e. \pn{'u)\L'^('p,H) < \u\l'^{v,h)- 
For e > 0 let /? be the primitive of an elementary predicable process such that 

\u - < 2 

By primitive of an elementary predicable process we mean that fi is of the form 

TLq p 

(2.26) /3:=^/ l(t^,t^^^](s)afcds 

fc=o 

where uq G N, (f/c)fcg[|o,„(,+i|] C [0,1] is increasing, and where for any k, at is an element of L\(V, R'^) 
which is At^ measurable. Such a fi always exists by a well known result (See [5]). Then one can see 
that there exists Np G N and a constant Cp G [0, oo) such that, for any n > Np, 

Ev [\Pn{P) - filuA < -Cp{no + 1) max E-p [|afc|Rd] 
n fce[|o,rao+i|] 

This shows that {pn{fi)) converges to fi for any simple process fi. Together with the fact that for 
any n G N pn is a linear contraction this yields 

\Pniu) — < \pn{u — + \Pnifi) “ fi\L'^{V,H) + 1/^ “ 

< 2|u —+ |p„(/3) —/3 |j^2cp_^) 

< e + \pnifi) - 

By using the convergence of (pnifi)) to fi which is a simple process we finally get 

limsup|p„(u) -u\l'2{v,h) < e 

Since e > 0 is arbitrary, {pn{u)) converges to u strongly in i^(P, H). □ 


Proposition 2.4. For any v G Vw, Vffi FI L^{iy,H) (and then Vfi° and V^) is dense (strongly) in 
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Proof: First, note that the space H) is dense in H) for the topology of H). Indeed 

or u S H) by taking 

(2.27) Tn := inf({t : \TTtu\H > n}) A 1 

and u" := := l[o_T„](s)wsds, the dominated convergence theorem yields the convergence of 

rt" to u in H). Hence it is sufficient to prove that 14 fl L°°{y, H) is dense in L°°{y^ H) for the 
L'^{v,H) topology. To prove this we set 

:= {pn{u),ue N} 

where is the operator defined in Proposition 12.31 To prove the density of 14 H L°°{v,H) it is 
sufficient to prove that 

(2.28) c y^nL°°(u,Fr) 

and that is dense in L°°{v, H). First note that by (12.251) we already know that C H). 

Hence the density follows directly by the definition of together with Proposition 12.31 So we 
just have to prove (12.281) : we consider a /i G and set 

(2.29) U^-=U + h 

where U G T°(u). We consider two measurable mappings X ■. Vi ^ W and Y : fl ^ W defined on 
the same probability space {^,A,'P) such that X^.'P = — v and we assume that 

(2.30) U^{X) = U^{Y) 

By Proposition 11.41 to obtain that G T°(u) it is sufficient to prove that we necessarily have 
V — a.s. X = Y, and that for all t G [0,1), 

(2.31) gf = j-r 
We postpone (|2.31l) to the end of the proof and we set 

T := inf({t : Xt ^ Yt}) A 1 

Since U G T°(u) we also have 

(2.32) T = ini{{t:Ut{X)^UtiY)})Al 

Note that, since U G 2i/(u) there exists a H(]R‘^)*^“*''/H(]R‘^)—measurable mapping / : —>• so 

that u — a.s. 

W'o = f{Uo) 

by (12.301) . since u — a.s. /iq = /ii = 0 it yields V — a.s. 

(2.33) Xo = To 

On the other hand (see Proposition l2.3|) there exists a A > 0 such that h is adapted to the hltration 
i'Ht) where for t > A (resp. t < X) (resp. 'Rt = B°{WY). Using this together with (j2.33l) 

we obtain V — a.s. 

inf{t : ht{X) ^ hiY)} > (r + A) A 1 
together with (12.301) and (12.321) this latter inequality reads 

r > (r + A) A 1 
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SO that V — a.s. r = 1 and X = Y. Hence to show that S it is now sufficient to prove (12.311) 
for all t G [0,1). The first inclusion is trivial, and we just have to prove that for any t G [0,1) 

(2.34) T'i C gf 

We choose Nx G N such that \Nx > 2 and we set = -^ for a i G [0, Nx — 1] fl N. For t G [toi^i) 
we have v — a.s. ht = 0 for all t G [to, ti) so that a{Us,s < tY = cr{UY s < tY■ Since U G IfY) we 
have = QY = ^ £ [^o,ti)- Finally we assume that (12.341) holds for any t G [to,ti) and we 

take t G [ti, ti+i). Almost surely with respect to u, we have Ut = — ht. But ht is measurable 

and therefore Xt._^ measurable so that by the induction hypothesis it is also GY'Ii measurable and 
hence measurable. Thus, for all t G [ti,ti+i) 

(2.35) (j{Us,s <t) cGY"' 

Using the fact that U G T°(u) together with the right continuity of {GY^)j (|2.35|) yields 

= gY c gY"' 

for all t G [ti,U+i), and by induction for all t G [0,1). This proves that G 14 D L°°{v,H) so 
that (I2.28|) holds. The proof is complete. □ 


2.3. Variation processes with vanishing endpoints. 

Proposition 2.5. For any v G Vw the space L°“(u, IF) D Lq(u, iJo,o) ts dense in L^(u, iJo.o) for the 
topology of LP'{v,F[). 

Proof: For u := fg iisds G L^(u, Ffo,o) and r a (J'^'")—stopping time we set 

(2.36) k'^[u\:= f iisds — [ Urds 

JQ Jo ^ — T 

By Jensen’s inequality (I2.36P defines a linear and continuous operator k'^ : T^(u, Hop) Hop). 

More precisely for u G Hq q), since v — a.s. ui = 0, Jensen’s inequality yields v — a.s. 

(2.37) |fc'’'['u]|_y < \u\h 
and 

(2.38) |fc'’'[u)|iv < 2sup |Mt[ = 2|7r,-M|vy 

t<r 

Since |.|w < by (I2.38|) we have, u — a.s., 

(2.39) \k'^[u\\w <‘2 Ytu\h 

For any n G N, let (r„) be the sequence of stopping time associated to u by (12.271) . We define a 
sequence (u") by setting m" := fc'’’” [u]. For all n G N m” G Ta(u, Hop) and by p.39|) u" G IF). 

Hence (u")„gN C Lp{v,Hop) r\ L°°[v,W). Finally by p.37|) the dominated convergence theorem 
yields the convergence of (m”) to u and therefore the density of L°°{v, IF) D To(u, Hop). □ 


Lemma 2.1. For any v G Vw, VY°° is dense in Lp{v,Hop). 
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Proof: For n G N, n > 2 we set 


(2.40) 

and 


qn ■■ u & Ll{v,H) ^ qn(u) ■.= / l[i_i (s)nMi_|ds G iJ) 


(2.41) Tn •— Pn qn 

where is defined in Proposition 12.31 In particular for any u G L^{iy,H) v — a.s. 

(2.42) \qn{u)\w < \u\w 


We set 

:= {r„(u) : u G LI{v, iJo.o) H L°°(u, W), n G N} 

By Proposition 12.51 it is sufficient to prove that is a dense subset of L°°{i',W) fl L^(u, i7o,o) 

for the L'^{v,H) topology and that 

(2.43) C 14°’°° 


The density follows by Jensen’s inequality. Indeed for u G L°°{v,W) fl L‘l{i',Ho^o) since u — a.s. 
Ui = 0, Jensen’s inequality yields u — a.s., 

\qn{u)\H < 2 / \us\'^ds 

Jl-2. 


and 


Bby the dominated convergence theorem qn(u) converges strongly to in L‘^(v,H). Hence 

by Proposition 12.31 (r„(u)) converges to u. On the other hand by (12.241) and (12.421) 


(2.44) 


yO,del ^ 2 .°°(u, 1 F) 


and by (I2.23L (12.401) and (12.411) we have v — a.s. r„(l) = 0 so that we also have 
(2.45) CLl{i.,Ho,o) 

Finally for a 17 G and h G similarly to the proof of Proposition 12.41 we obtain that 

U + h G Ijiiy) i.e. C V'. Together with (I2.44|) and p.45|) we derive p.43|) . by which the 

result follows. □ 


3. Transformations of § 

3.1. Transformation formulas. The aim of this subsection is to prove Proposition l3.3l and Lemma IXT] 
which are the only results of this subsection that will be used in the sequel. Before we prove Propo¬ 
sition 13.11 in order to derive Proposition 13.21 Both results can be skipped; however this latter 
proposition justifies the definitions of the set 14. Despite their apparent generality Proposition 13. II 
and Proposition [32] assume some further integrability assumptions due to the fact that their proofs 
involve the dual predicable projection. In the particular case of Lemma 13.11 and Proposition 13.31 we 
stress that the use of isomorphisms of filtered probability spaces allows us to drop this condition. 
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Proposition 3.1. Given a complete stochastic basis let U : ^ W be a 

A/B{W)-measurable mapping such that V-a.s. for all t € [0,1] 


(3.46) 


Ut = Uo + M" + / iisds 


where {t,uj) £ [0,1] x 12 —>■ lit S is {At)—predicable with, for all T < 1, 

i-T 


(3.47) 


E'p 


< oo 


and where {M)^) is a continuous W^—valued {At) —local martingale such thatV—a.s. for alii, j £ 
(3.48) < (M“)\ {My >= [ {ay^ds 

JO 

for some A4d(Mi)—valued {At)—predicable process (a“). By setting 

y ■■= U,V 

we have u £ §. Moreover V — a.s. 


(3.49) 

and V — a.s. 

(3.50) 


j y oUdt = I 
Jo Jo 


ydt 


vfoUdt= / E-pliitlGt^]dt 


where {E'p [wtll/t^] )tG[o,i] denotes the optional projection of {ut) on (l/t^)te[o,i]) usual augmen¬ 
tation of the filtration generated by (t^t)fg[o,i] • 

Proof: Let {ut) be the dual predicable projection of {ut) (whose variations are locally integrable 
by (13.471) 1 on {G^. In particular 

(3.51) u = [ Ep[ut\Gi']dt 

JO 

Then by setting V — a.s. for all t £ [0,1] 

(3.52) M“ := M" + u* - u* 
we have that V — a.s. for all t £ [0,1] 


(3.53) 


Ut-Uo- 


fEp[us\G^] 

Jo 


ds = Mf 


so that (M“) is (t/j^)—adapted. Let b (resp. M) be the equivalence class of B{W)^*'’^/B{W)- 
measurable mappings (Jy^*^)— adapted such that V — a.s. 


(3.54) 

resp. such that V-a.s. 

(3.55) 


boU = u 


MoU = M^ 
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whose existence is insured by Proposition 11.31 Since V — a.s. u is absolutely continuous, by (13.541) . 

— a.s. b is absolutely continuous. Therefore, there exists a predicable process {vt) on 

[W, U^V) so that V - a.s. 

b= Vsds 

Jo 

and by (13.471) and (13.5411 we have, for all T < 1, 




\vt\Rddt 


< oo 


Note that the local martingale (M“) is reduced by the sequence of {GY) stopping times 


(3.56) 


:= inf({t e [0,1] : |M“| > n}) 


Indeed by the stopping theorem and the dominated convergence theorem (I3.47|l easily implies that 
the process (M“) is reduced to (^j)—martingale by the sequence while by (13.5511 and (13.5611 

(t„) is also a family of (GY) stopping times. Therefore together with (13.521) and using the inclusion 
(G^) C A. we obtain that (r„) also reduce (M") to {GY) martingales. By Dynkin’s Lemma and 
since w —>■ T„(a;) is GY measurable, for n G N we denote by the stopping time such that 

V — a.s. 

Tn=TnOU 

Since M“ is a local martingale reduced by f„, it is straightforward to check that M is a 

{J'Y*^) local martingale under (reduced by (r„)). Indeed for n G N and s < t we have 7^—a.s. 

MY;,9JGY] = Ev O U\GY] = Eu,V o U 


so that V — a.s. 


Eu.v <^U = Ev 


M 


t/\Tn 


= o u 


and Ui,V — a.s. 

Eu.V [Mt^rjEY*'^] =Ms^r„ 

By writing the Dolean’s approximations of the predicable quadratic co-variation process as a limit 
of finite sums we obtain V — a.s. for all t G [0,1], 

(3.57) < M\ >toU=< (M“)\ {My >t 

since the process of the right hand term is absolutely continuous, the process of the left hand 
term too and we have the existence of a (Jy^*^)—predicable process {at) on the probability space 
(VP, TY'^, Ui,V) such that — a.s., 

<M\M^>= [ {asY^ds 

Jq 

Finally by reporting ()3.54ll and ()3.55|1 in ()3.53|1 we obtain, t7*P — a.s. for all t G [0,1], 


Wt-Wo- / v.ds = Mt 

Jo 


by which the result follows. 


□ 
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Proposition 3.2. Forv G § whose characteristics are denoted (f^ v^dt,f^ a^dt) (see Definition \1.2\) . 
let V — a.s. h := J^hgds G Wabs) where (hg) is a -predicable process and let (dg) be a 

A4d(^)-valued {TO-predicable process on {W,B{WY,v) such that for all T < 1 


(3.58) 

and V — a.s. for all i,j 

(3.59) 


E,, 


\0sVg 


|R<i 


ds 


< oo 


{eOfaO^ds < oo 


Furthermore define R G W) by v — a.s. for all t G [0,1] 


Rt = f{Wo) + [ dgdWg 
Jo 


(3.60) 

where / : —>• is any S(R‘^)^“*^/S(tP) —measwrafe/e function, and U G L°(u, W) by 

(3.61) U = R + h 
i.e. v — a.s. for all t G [0,1] 

(3.62) Ut := f{Wo) + [ OgdWg + f hgds 

Jo Jo 

Then U.i,v G S and we have, v — a.s.. 


(3.63) 

and V — a.s. 

(3.64) 


vO’' o Uds = I El, 


OgVg + hg 


ds 


a0^oUds= / 9ga'(9lds 


where ( Ei, 9tvY + ht QV ) denotes the optional projection of the process 

V L jytg[oA] 


{dtvf + /lt)tg[o,l] 

on the filtration {Q^). In particular if U G Tj{v), for a/Z e G R u — a.s. 


(3.65) 


J oO'' ° Uds = j {dgv'f + eh^ ds 


Proof: Denote M'" the martingale part of u. Then u — a.s. for all t G [0,1], 


(3.66) 

and 


Rt = f{Wo) + Mf+[ dgvfds 
Jo 


Ut = f{Wo) + Mf+ / {9gv: + hg)ds 


where (M“) is the process defined on {W,B{WY, u) by u — a.s. for all t G [0,1] 


(3.67) 


M" := / 9gdM( 
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By (13.591) is a continuous {F^)-\ocdX martingale on {W,B{WY,v) and v — a.s. for all 

t e [ 0 , 1 ] 

(3.68) < ( [ 9sdM:)\ ( f esdM^y >,= ^ f eferia-'J^^dt 

for i,j S [l,d]. Hence by applying Proposition 13.11 to U on {WjBlWy with the filtration 
we obtain 17*u G S and ()3.63p and ()3.64p . The end of the claim follows from the definition of I°(u). 

□ 


Proposition 3.3. For u G S, let v — a.s. /c” := iisds G Tq(u, Wabs) and let (M“) be a continuous 
{J^t) local martingale on (W,B{WY ,v) vanishing att = 0, such that 

< (M“)^ >= [ {a^Y'^ds 

Jo 

for some (resp. Atd(R)y) valued (Tf) predicable process (us) (resp. (a^)J on (W,B(W)'^,iy). 
Moreover consider a continuous process defined by v — a.s. for all t G [0,1] 

(3.69) Ut := f{Wo) + Mf + kf 

where f : R'^ —>■ R'^ is as in Provosition VJ .‘A Assume that U G Ij(u). Then 

Ui,v G S 


Moreover v — a.s. 
(3.70) 


and V — a.s. 


V 


U,v 

S 


oUds = 


iisds 


(3.71) 


/ aY''oUds= / 
to Jo 


Proof: We denote U G Iy(17*u) the inverse of U and we set ry := t/*u. Using this we denote M 
(resp. b) the elements of T°(? 7 , W) (resp. of Wats)) dehned by ly — a.s. 

(3.72) M := oU 


and by ry — a.s. 

(3.73) 6 := fc"ot7 

Denote (t„) (resp. (r„)) a sequence of {J^t) stopping times reducing to a (J')^)-martingale (resp., 
since of (J^j’')-stopping times defined for all n G N by ly — a.s. := t„ o U), similarly to 

the proof of Proposition 13.II and using both that U preserves the filtration and that 17*17*u = u it is 
straightforward to obtain that, for all n G N, (t„) reduces M to a (Jy') martingale on (lU, B{WY^ v)- 
Since U G 21°(u) by (13.691) ry — a.s., 

(3.74) Wo = UooU = f{Uo) 

By (13.691) . (I3.72L p.73l) and (13.741) since ry — a.s. 17 o {/ = /w we obtain ry — a.s. for all t G [0,1], 

(3.75) Wt = Wo + Mt + bt 
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SO that 77 S S. Then the result follows similarly to the proof of Proposition 13.11 by the hypothesis 
U S Indeed by (13.751) and (13.731) we obtain v — a.s.WoU = which yields (13.701) while (13.711) 

follows similarly. □ 


Lemma 3.1. For u S S whose characteristics are denoted {^^v^dt, ^^a^dt) (see Definition \1.2\) . 
let V — a.s. h := J^hgds € L^(iy,Wabs) and let (Og) be a A4d0&-)-valued predicable process on 
(W,B{(WY,v) such that V — a.s. hS.59\) holds for all i.i G [l.d] and v — a.s., 

(3.76) f \6sVg\Rdds < 00 

Jo 

For / : —>• as in Provosition \3.‘A let R S L^{v,W) he given by \3.6U\) and U G L°(z/, IT) 

by h8.61\) . If we further assume that U G 2ij(z/) then 17*z/ G S and v—a.s. we have 1^3.64}^ and \3.65\) . 
In particular for h G V,y, denoting v — a.s. 

Th ■= Iw -f h 


where Iw denotes the v— equivalence class of mappings v — a.s. equal to the identity map, we have 
for all e G R, G §. Moreover v — a.s.. 


(3.77) 

and 


o Tehds = {Vg + ehg)ds 


(3.78) f 0.(4^*'' o Tghds = j af.ds 

Jo Jo 

Proof: Denote M'^ the martingale part of u. Then u — a.s. for all t G [0,1] Rt is given by (13.661) 
and Ut by 


(3.79) 


Ut = f{Wo) + Mf + kf 


where 

:= f {9gVg + hs)ds 

Jo 

and where (M“) is the process defined on {W,B{WY,i') by (13.671) . By (13.591) . (Af")tg[Q_i] is a 
continuous (J 7 )-local martingale on {W,B{WY^ u) and v — a.s. we also have p. 68 l) . Since U G 21/(u) 
the result follows by Proposition 13.31 Moreover since Iw G 21/(u) by definition of 14, th G 14 so 
that (13.771) and (j3.78l) follows as a particular case. □ 


3.2. Lift of transformations on the space to transformations of §. The next proposition is 
general, however it is formulated to provide an insight on the behaviour of transformations which 
are close to the identity 

Lemma 3.2. Let h : {t,x) G [0,1] x R'^ — >■ h(t,x) be a function (C^ in t, in x), and 

set u{t,x) := h{t,x) — x. Assume also that, for any t G [0,1], 

/it : X G R'^ — >■ ht{x) := h{t, x) G R^^ 

is an homeomorphism, whose inverse jt is such that {t,x) G [0,1] x R^^ —>■ jt{x) G M.‘^ is continuous. 
Denote G : W ^ W (resp. G -.W ^W) the mapping defined for all {t,uj) G [0, 1] x W by 

G{uj)(t) := h{t,oj{t)) = uj{f) + u{t,oj{t)) 
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(resp. G{uj)(t) := jt{uj{t))). For any v € S, G induces an element F o/Ij(u) (T is the element of 
W) such that v — a.s. T = G) whose inverse F G I^(F*u) is induced by G. Then, for all ly € S 
we have 

F*u e S 

Moreover v — a.s. 


o Tdt = 


dthit,Wt) + {viy)h{t,Wt) + J2^dl^Ht,Wt) dt 


vf + dtUtiWt) + {vf.V)ut(Wt) + ^ ^dl^u{t,Wt) dt 


* j 


and V — a.s. 


a\*'^ o Tdt = 


{{Vh){t,Wt).{a'i).{{Vh)^){t,Wt))dt 

{a'i + {Vut){Wt).a'( + al{Vut)^){Wt) + {Vut){Wt).al{Wuty {Wt)) dt 


where (Vft.)*’'^(x) = (similarly for u) 

Proof: By definition for all t G [0,1] and for all a; G 

jt{ht{x)) = ht{jt[x)) = X 

Hence for all uj G W 

G o G{uj){t) = jt(GtM) = jt{ht{Wt{uj)) = cc(f) 

so that G (resp. G) induces an isomorphism of probability spaces (resp. its inverse). On the other 
hand both F and F are adapted to the respective canonical filtrations. This proves that F G X'i{y). 
Set 


:= 


dth{t,Wt) F {vf .V)h{t,Wt) + J2^-dlh{t,W,)] dt 




and 


M“ := ^ ( / djh\t, Wt)d{M^y ) e. 


2=1 

where {ei)i=i,d is the canonical orthogonal basis of and set V — a.s. for all t G [0,1] 

Ut := hoiWo) + Mf + 

On the other hand (M“) is a {Ft') local martingale and 

< (M“)*,(M“)^ >= l'Y,dihyt,Wt)dmh^{t,Wt){a(f^^dt 

^ l,m 

By Ito’s formula, v — a.s. for all t G [0,1] 

Wtor = Ut 

Therefore the result follows from Proposition 13.31 


□ 
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Definition 3.1. For u S S and h : {t,x) € [0,1] x —>■ ht(x) € which satisfy the hypothesis 

of Lemma 13. we call the isomorphism of filtered probability spaces T G associated to h by 

Lemma \3.S\ the lift of h on S at v. 


The following Proposition directly follows from Lemma 13.21 and Ito’s formula. It characterizes 
martingales in terms of the invariance of the finite variation part of the law of processes by the 
associated lifted transformations of space depending on time: 


Proposition 3.4. Let u G § and assume that u : {t^x) G [0,1] x —>■ ufix) G R'^ is such that the 

mapping 

h := “t“ u 


satisfy the hypothesis of Lemma \S.‘A Denote by T the lift of h (see Definition \3. 1\) on S at v. Then 
the following assertions are equivalent : 


(i) (t,ui) —>■ u{t,Wt{uj)) is a {Tf) —martingale 
(ii) V — a.s. 


I.{‘ 


dtUtiWt) + {vf .V)ut{Wt) 




df,u{t, Wt) \ dt = 0 


(Hi) We have u — a.s. 


(3.80) 


uF* oTdt 


vfdt 


4. Differential calculus associated to the variation processes 
For V G V{W) and k G Vfi set 


Tk '■= Iw + k 


where Iw stands for the u—equivalence class of mappings v — a.s. equal to the identity on W. For 
e G R set 

uF := TekW = (Iw + efc)*u 


thus defining a path 


e G M uF e 'PiW) 

As we have seen (Lemma l3.1|) if Ug G S then for all e G M., G S so that we have a path 

e G R ^ uF e S 


on S. Moreover if 5*^ denotes the finite variation part of ^ S (see Definition ll.2|) . then 5*^ is simply 
related to 6° (the finite variation part of u) by 

F = b° + ek 


Finally, since r^k is an isomorphism of filtered probability spaces, we can identify isometrically the 
spaces LP(ug,iL) along any such path (ue) as well as the vector spaces of variations processes (see 
Proposition 1 2. 21) . This motivates the following : 



26 


REMI LASSALLE AND ANA BELA CRUZEIRO 


Definition 4.1. Given a mapping 

F : u S § —>• F(u) S R U {+ 00 } 

and ly € S such that F(v) < F will be said to be L'^(v,FlQfi)-differentiable (resp. L‘j^(v,FI)- 
dijferentiable) at v if for all k S (resp. k S ) ■^F{v^)\^=o exists where for all e € and 

k S (resp. k G ), 

Ve ■= {T^k)*v ■= {Iw + eA:)*u, 

and if, in addition, there exists f G L(^{y,F[) such that for all k G (resp. k G V(f°) 

(4.81) = 

In this case, by Lemma\2f^ (resp. Proposition \2.4^ f, is the unique element of Hq o) (resp. in 
L'^{iy,H)), that we note grad^F (resp. grad^F), such that i4-81\) holds for any k G V^'°° (resp. 
in V((^), namely the orthogonal projection on TJq.o) of any (and then all) (resp. the unique 

element) ^ satisfying for all k G V))'°° (resp. k G Vf^). We denote by SF^, the linear 

continuous form defined by 

(4.82) 5F„:h& LI{v,Ho,o) ^ SF,.{h) := F^[< gradlF,h >//] G R 

(resp. by the same symbol 5F„ : h G ^ 6F,y{h) := Fy[< grad,jF,h >h] G Rj 

Remark 4.0.1. If F is L(,{v, H)— differentiable at some u G §, then for all k G L^(u, iJg.o) we have 

Ei,[< gradlF,k >h] = F^[< gradvF,k >h] 

Indeed for k G Lq(u, iJg.o) toke (kF) C a sequence which converges to h. We then have, for all 

n G N, 

E„[< gradvE,k'^ >h\ = + ekn)*iy)\e=o = E„[< gradlF,k'^ >h] 

so that by continuity 

E,j[< grad,jF,k >h] = lim Fy[< grad,,F,kF >h\ = lim Ey[< gradf^F,!'^ >//] = E,j[< gradf^F,! >h] 

n—foo n—foo 

In particular gradf^F is the orthogonal projection of grad,^F on L^(u, Ro,o) ond it is meaningful to 
denote by the same symbol SF^, the two linear forms. 

5. The stochastic extension of Hamilton’s least action principle 
5.1. Regular Lagrangians and their actions. 

Definition 5.1. A Borel measurable mapping 

C : (t, X, V, a) G [0,1] x R"^ x R”^ x A4d(R) —>■ Ct{x, v,a) G R U {+ 00 } 
will be called a Lagrangian. We denote its domain by 

Dom{C) := {{t,x,v,a) : Ct{x,v,a) < 00 } 

And we define the action of C on S to be the mapping 


5 : u G S —>■ S{v) G R U {+00} 
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defined by 

S{iy) := E, 

ifE. ,< oo and by 5(u) = oo otherwise. 

The following conditions will be used to ensure the least action principle : 


Definition 5.2. A Lagrangian C (see Definition lS. 1\) will be said to be regular if it satisfies the 
following assumptions 

(i) The domain of C is the whole space i.e. 

Dom{C) = [0,1] X X X 7Wd(K) 

(a) For all (t,x,v,a) G Dom[C), the mapping 

C{t, X, V, a) : (x, v) xW^^Ct{x + x,v + v,a) G M 

is Frechet differentiable at (ORdjOjjd) and we denote by 

(5.83) DLt,x,v,a ■ {x,v) G X -;►< {d^Ct){x,v,a),x >R<i + < {dyCt){x,v,a),v >Rd 
its derivative which the linear operator defined by 

(5.84) ■= -^Etix + ex,v + ev,a)\^=o 

(Hi) The mappings (t,x,v,a) G Dom{C) —>■ dxCt{x,v,a) G R^^ and (t,x,v,a) G Dom{C) —>■ 
dvCt{x,v,a) G R'^ are Borel measurable. 


5.2. The stochastic least action principle and the related Euler-Lagrange condition. 


Definition 5.3. Let C : {t,x,v,a) G [0,1] x R'^ x R"^ x A4d(R) —!> Ct{x,v,a) G R fee a regular 
Lagrangian (see Definition \5.‘A} . A probability u G S such that for all T < 1, v — a.s., 

[ \dxCs{Ws,vf,a'()\Kdds < oo 
Jo 

is said to satisfy the stochastic Euler-Lagrange condition if and only if there exists aM.‘^—valued 
cddldg {Ff) —martingale (A^t^)tg[o,i) on the probability space (W, B{WY, v) such that u (g) A — a.s. 

(5.85) dxCt{Wt,vf,a:)- [ d,£«(lT„Ods := iV," 

Jo 

where (vf) (resp. (af)) are the derivatives of the characteristics of v (see Deftnition \1.2\) . 

Theorem 5.1. Let C be a regular Lagrangian whose associated action on S is noted S (see Defini¬ 
tions o and \5.2\) . Assume also the existence of a strictly positive continuous function f : R'^ —>■ R’*' 
andpi,p 2 > 2 such that 

(5.86) 


lim sup sup 

|e|4-0 {t,x,v,a,x,v)£Dom{C) 


\Ct{x + ex,v + ev,a) - Ct{x,v,a) - €D£t,x,v,a[^M\ 
e/(^) (l + + G{t, X, V, a)) 


= 0 


holds, where 


G{t,x,v,a) := |£t(a;,u,a)| + \dxC{x,v,a)\^,i + \dyC{x,v,a)\^,i 
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Then for any u S S satisfying 


(5.87) S{iy)+E^ 


L-iO 






\dX{Ws,v’f,aXdt 


Uo 


< oo 


we have that S is L^{v, EIq^q) —differentiable (see subsection w at V. Moreover v satisfies the sto¬ 
chastic Euler— Lagrange condition (see Definition \5.S\) if and only if 

6Si,{h) = 0 

for all h G L^(u, i7o,o) *-e- if and only if for all h G , 

dS{T^h*v) 


|£=0 


where for h G 

Proof: By (15.871) since pi,_P 2 > 2 we have 

cl 


de 

Th := Iw + h 


= 0 


(5.88) 

Define 

and 


E„ 


\d^CtiWt,vf,a^)\^dt 


E„ 


\d,Ct{Wt,v’i,a'f)\^dt 


< oo 


ft-.= d^£t(Wt,vf,an- / d,£,(Ws,v:,a:)ds 


?:= / &dt. 

do 

From (15.881) and Jensen’s inequality, ^ G L(^{v,E[). Take h G and set 

S{Teh^v) - S{iy) 


A, := 


— E^[< h, ^ >h] 


where is the image of the probability v by the mapping r^h ■= Iw + We want to show that 

Ae converges to 0. By Lemma [3.II we have 

/•i 

S{Tf:h*v) = 


= E„ 


= E„ 


f £s{Ws,vl^^*‘',al^^*nds 

Jo 

( £s{Ws + ehs,vl‘^*'' o o Tf_h)ds 

Jo 


£s(VFs + ehs,vf + ehs, a'()ds 


L^o 


so that we first obtain, for e G K, 

£ UsiW, + - £s{Ws,v'f,a'() 


A, = 


E, 


^ 1 ds 


On the other hand, since y — a.s. = hi = 0, an integration yields 
'•1 /£,(W, + cK, < + eh„ <) - £,(W„ <, <) 


A, = 


E„ 


- D£t{Ws,v'(,Qf)[hs,hs\ ds 


where (t, x, v, a) —^ D£t{x, v, a) is given by (I5.83p . By the hypothesis 

cl 


0 < E,, 


G{t,Wt,v'( ,a'()dt 


Uo 


< oo 
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For eq > 0 by (|5.86p there exists a > 0 such that, for all e G R/{0} with |e| < a, the following 
inequality holds everywhere 


£t (x + ex, V + ev, a) — Lt {x, v, a) 


where 


and 


— DCt(x, va)[x,V\ 


B ■= ( sup /(z)) 1 + + E,, 

zG-B(Ogd.fi) ' 


fo 

B' 

r*l 


< '^f{x){l + \v\l^i+G{t,x,v,a)) 


uo 


R := + 1 < 00 


Since h G V^’°° we have v — a.s. for all t G [0,1], |/it(a;)|R<i < |/i|L°o(;y,vu)■ Thus by the continuity of 
/, for any e such that |e| < a we obtain 

r /.l n 




< 

-El 


B 

< 

-El 


B 

< 



^ V 

< 

eo 


f{hs){l + \K\l.+G{Ws,v-,,a'^,))ds 


uo 


/ sup /(z) (l + |/i^|^d+G(lF^,<, 

/o VzeB(o,d,-R) / 


sup /(z) 

2 es( 0 gd,R) / 


(1 + l^slgd + G{Ws,v’^, 


a''s))ds 

0)ds 


Hence we have 

limsupHe < Co 
Idio 

Since this inequality holds for any eq > 0, we conclude that limsup|g|j^o = 0. Using the definition 
of we get that for all h G exists and 

(5.89) SS,,[h] = ^S{T^h*i')\e=o = E,,[< ^,h >h] 

In particular, S is L^(u, iJo.o)—differentiable (see subsection 0]) . Note that by Proposition 11.11 and 
by definition of u satisfies the stochastic Euler—Lagrange condition if and only if ^ is orthogonal 
to L„(u, iJo.o). On the other hand, by (15.891) u satisfies the least action principle for S if and only 
if for all h G 14 °’“ 

El, [< h, ^ >h] = 0 

while by Lemma lOI this latter condition is also satisfied if and only if ^ is orthogonal to Fo(u, iFo,o). 
This achieves the proof. □ 


Remark 5.2.1. • Whenever v satisfies the stochastic Euler-Lagrange condition it also satis¬ 

fies the following averaged stochastic Euler-Lagrange condition hS.QOM 


(5.90) 


Moreover the left hand side of h5.90\] is well defined and it is trivial to check that Ii5.90\) 
holds if and only if for any h G Ro.o "we have 


(5.91) 


5Si, [/i] = 0 
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• We refer to |12] for an Hamiltonian point of view on the stochastic Euler—Lagrange condi¬ 
tion. 

• Assume that C is a regular Lagrangian which does not depends on (a^). For x G and 

u G H let ^ G W be defined by 74 := a; + Ut for all t G [0,1], and denote by the 

Dirac measure concentrated on 7 , namely for A G B{W). Then (Tf) is 

the filtration constant equal to the set of the subsets of W, so that the martingales can be 
identified with the constants, and = Vff = _ffo,o) — Hq q. Moreover in this case 

for h G e G K., we have so that ^ has a martingale part equal to 

0 and o.s. for all t G [ 0 , 1 ], 

Wt = X + 7t + eht 

In particular Wt exists a.s. and o.s. = Wt = jt + ^ht. Hence we obtain 

S{TehW) = Jq + ehs,'js + ehs)ds and the stochastic least action principle reads 

— \e=oJ £(7s + e/is,7s + e/is) = 0 

for all h G Hq q, while the stochastic Euler-Lagrange condition holds if and only if there 
exists c G R such that A — a.s. 

dy£{jt,it)- / dj;£{'ys,'is)ds = c 
Jo 

or if and only if t ^ dyL{t,^fiit) is differentiable a.e. and A — a.e.. 

(5.92) ^5„£(7t,7t) = 

Moreover, if we assume also that {x,v) G x —>■ dxC{x,v) G R'^ is continuous (resp. 

(x,v) G R'^ X R'^ —>• dyC{x,v) G R'^zs C^), and that t G [0,1] —>■ 74 G R'^ is then 115.92}) 
holds for all t G [0,1]. In this case we recover the least action principle of classieal mechanics. 

6. Invariances and Noether’s theorem 

Definition 6.1. Let h : [0,1] x R'^ — >■ R'^ be a mapping which satisfies the hypothesis of Lemma lS. 2[ 
We say that h is an E>—invariant transformation for C if for all v G'B, v — a.s all to G W we 
have, A — a.s., 

(6.93) Ct{Tt{oj),v^''' oT{u:)) = 

where T is the lift of h on S at v (see Definition \3. 1\) . Moreover we say that a family of 

S—invariant transformation for C is a differentiable family of S—invariant transformations 
for C, if{t, x,e) G [0,1] x R’’* x R — 7 > h‘^{t, x) G R'’* is in e and h^{t, x) = x for all {t, x) G [0,1] xR'’*. 

We recall that for two real valued cddldg semi-martingales X and Y, their quadratic co-variation 
is the process ([Af, F]() defined by 

[X,Y],=XY- [ X,_dY,- [ Ys-dXs 
Jo Jo 

see [ 3 ] for more. 
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Theorem 6.1. Let C he a regular Lagrangian which is and assume that u S § satisfies the 
stochastic Euler-Lagrange conditions (see Definition fOI) for C. Assume also that (/i'^)egR is a 
differentiable family of S—invariant transformations for C. Let (Tt)tG[o,i] ^6 optional process on 
, v) such that \ ® v — a.s. 


(6.94) 


:— < '^\e=oht(Wt),p'( >R<i — 




6f,ds 


where .] denotes the quadratic co-variation of semi-martingales, (pf) denotes a cddldg modification 
of the process {dv£t(Wt,Vf,a'()), and 

8C 

(6.95) 

i,j 

and where (ks(uj)) is the A4d{R)—valued process defined by 

(6.96) Ksitv) := <• {s,Ws)y + < 

Then (It)(gjQ is a (T^)—local martingale on the probability space (W,B{W)'',v). 


Proof: For all e S R we denote by F*^ the lift of h'^ on § at u (see Definition 13.II) . We set := r'^*u 
and 

uit,x) := -j-hl{x)\^=o 


de 


For T < 1, by Lemma 


(6.97) 

where 

and 


r £{rt, vy o ay o rydt = C C{hyt, Wt),mt, at)dt 
Jo Jo 


ml = dthyt, Wt) + {vyy)hyt, Wt) + wy 


at = ay{Vhy{t, Wt) + Vhyt, Wy.af 
By differentiating (I6.97L condition (16.931) yields ly — a.s., 

(6.98) 0=/ {<^t,Wt),d,,C{Wt,vt',a'() >-\-<Qt,dyC{Wt,vt',a'() >-\-6t)dt 

JO 

where 

(6.99) Qt := dt^t, Wt) + {vyv)u{t, Wt) + ^ ^dl^u{t, Wt) 

id 

and where (0^) is given by (16.951) and k by (16.961) . Since u satisfies the stochastic Euler—Lagrange 
condition there exists a (Tf) cddldg martingale (Nf) such that u (g) A — a.s. 

ft 

( 6 . 100 ) 


d,Ct{Wt,vya'i)=Nf + [ dMWs,v:,a:)ds 

Jo 


Denote by (pf) the process dehned by the right hand term of (lO.lOOp . We have 

(6.101) f <^t,Wt),d,c£{Wt,v'(,a'() > dt= ( <u{t,Wt),dp'( > - f <u{t,Wt),dNf > 
Jo Jo Jo 
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We now compute the first term of the right hand side. Denoting by M'^ the martingale part of v by 
Ito’s formula we obtain a.e. 


where 


and where 


Wo) + r Ws)dM^ 


Al := / Qlds 
Jo 

with (Qs) given by ()6.99|) . Since (M“) is a continuous local martingale and (At) is continuous and 
of finite variation, by Ito’s formula (by (18.1) and (19.2) VIII p.343 of [3]) we obtain 

(6.102) [ <d{t,Wt),dp’^ >=<d{T,WT),P^T>M^- [ <Pt,dM^>... 

Jo Jo 

r < PiQt>dt-Y,[M^'\pnT 
Jo i 

Putting (I6.102P into (16.1011) we derive 

(6.103) [ < u{t,Wt),dj;C{Wt,vlat) > dt =< ut{Wt),Pt >Rrf 
Jo 

... - r < pI Qt>dt- - Mr 

Jo ^ 

where 

Mt= [ < pt-l dM^ > + [ < u{t, W), dNl > 

Jo Jo 

By putting (16.1031) into (16.981) we obtain 

(6.104) It = Mt 

On the other hand by construction {Mt) is a cddldg {J-t)-\ocSi\ martingale so that the result follows 
by (16.1041) . □ 


Remark 6.0.2. This theorem must be compared with the original theorem such as it is formulated 
p.88 of g] together with the following remark. Take c £ W to be such that t £ [0,1] —> Ct £ is 
smooth, V := be the associated Dirac measure and the probability space (W, S(W)'^, u). Consider a 
particular h : {t,x) £ [0,1] x R'’* —>■ h{x) £ not depending on time and satisfying the hypothesis 
of Lemma \3.A and let T denote the lift of h at v. Then for this transformation, we have r*u = 
where Ct = h{ct) for all t, and \ ® v — a.s. 

r.. p dh{Wt) 

The r.h.s. of this latter equation is nothing but the image ofWt by h (noted hlWt) in geometry). 
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7. Application to stochastic control 

Definition 7.1. A subset Af of E> is said to be V^—stable if for any v & J\f any e £ M and h £ 

£ Af 


where 


Teh ■= Iw + 


Note that in particular (see Lemma 13.IL S is stable. 


Theorem 7.1. Let N be a V^—stable subset o/S (see Definition [HP- Consider C a non nega¬ 
tive regular Lagrangian with associated action S. Assume also that there exists a strictly positive 
continuous function / : —>■ R'*' and pi,P 2 > 2 such that i5.86\) holds for C and 


(7.105) 

Consider the minimization problem 


sup 

{t ,x ,v ,a) ^ Dom{C) 


1 + Ct{x,v,a) 


< oo 


(7.106) Ip := inf ({5(u) : u £ Af}) 

and assume that Ip < oo. Then for any rj G Af which attains the infimum of ^7.106\ l, rj sat¬ 
isfies the stochastic Euler-Lagrange condition h5.85\) for C. Moreover if C is and IJA) is a 
differentiable family of S—invariant transformations for C (see Definition \6.1\) . the process defined 
on {W, B{Wr ,r]) by \6.94^ is a (Tf) —local martingale. Moreover the same statements hold if we 
change the inf by sup, assuming it is attained. 


Proof: First notice that by (17.1051) . since S(q) < oo, (15.871) is satisfied with pi,p 2 as (15.861) is 
assumed. Thus Theorem lS.ll anplies to £ at 77 and we first obtain that S is Ll{r], iLo.o)—differentiable. 
Notice that, for any h G , hy Definition 1 7.1 1 we have 

£ Af 

Therefore since t] (it is a minimum of the action, it satisfies 

6Sn[h] := ■^S{T^h*v)\e=o = 0 
for all h G 17°’°“, so that by definition of SSrj we get 

SSn = 0 

Thus, the result directly follows by Theorem 15.11 and Theorem 16.II If we change the inf by sup the 
proof is similar. □ 


For 7 £ PiRdxR'^ a Borel probability on R'^ x R^ (resp. uo,ui two Borel probabilities on R^^) we 
set 

S.y := {p G S : (Wo x Wi)*^ = 7 } 

where (Wq x Wi) : w £ W —>■ (Wo(a;), Wi(w)) £ R'^ x R'^ i.e. S.y is the set of the u £ § with a fixed 
joint law 7 for (Wq, Wi) Consider also 

§1-0.1^1 := {u £ § : Wo*u = uq, lAi*u = ui} 
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i.e. the set of u G § with initial marginal uq and final marginal vi. We also denote the set of the 
u G § whose martingale part is a Brownian motion by Ss i.e. 

Sb := {u G § : My = /} 

where pP is the standard Wiener measure (the law of the Brownian motion, with pP — a.s. Wq = 0). 
We refer to [H] an to the proofs therein for sufficient condition for the existence to the following 
minimizer. By assuming their existence we obtain : 

Corollary 7.1. Consider a probability 7 G (resp. G V^d) and any non negative 

Lagrangian C which is regular and whose action is denoted by S (see Definition \5.S\} . Assume 

also that hypothesis 1 7. J 05\ ) and i5.86\} are satisfied for some pi,P 2 > 2 and some strictly positive 

continuous mapping / : —?> K'*'. Consider the variational problems 

(7.107) := inf (5(z/) : u G § 1 ^ 0 , 

(7.108) := inf {S{v) : v G S.^) 

(7.109) := inf (5(i/) : 1 /G Sb 
and 

(7.110) := inf (5(u) : u G Sb H S.^) 

By assuming that Iuo,vi (resp. I.y, resp. 7 ® resp. ) is finite (i.e. < 00), any v G Si/q.i/i (resp. 
S.y, resp. RSb, resp. §.ynSB^ which attains the infimum of ^7.107\ ) (resp. of ^7.108\ ), resp. of 

17.109\) , resp. of |7. satisfies the stochastic Euler-Lagrange condition Ii5.85\) for C. Moreover if 

C is C^ and y) is a differentiable family of S—invariant transformations for C (see Definition \6.1\) 
then the process defined on the probability space (W, BfW)’’', v) by l6.94-\) is a {Ef) — local martingale. 
Moreover the same statements hold if we change the inf by sup, assuming it is attained. 

Proof: Note that is stable (see Definition 17.111 . Indeed, for all u G and h G V(f we have, 
V — a.s. 


so that 


ho — hi — 0 


(Wo X WiUThy = {{Wo + ho) X {Wi + /ii))*u = (Wo X wyiy = 7 


Similarly is stable. Thus Paul Levy’s criterion and (13.781) of Lemma [3T] imply that S^^nSB 
and HSb are also stable. Therefore the results directly follow by Theorem 17.11 For sup, 
the proof is similar. □ 
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8. The critical processes of the classical Lagrangians 

8.1. The classical Lagrangians. 

Definition 8.1. Given a function V : [0,1] x —>■ R which is assumed to be measurable and 

in X, we define classical Lagrangians of the form 

I,,|2 

: {t, X, V, a) G [0,1] x R"^ x R"^ x 7Wd(R) ^ ~ ^ ® 

and denote by G'y(R'^) the set of i/ G S which satisfy the stochastic Euler-Lagrange condition (see 
Definition 15. jP for . 

The following is the counterpart to the Galilean invariance for the free particle of classical me¬ 
chanics in our stochastic framework : 


Proposition 8.1. A measure u G § belongs to Go(R'^) if and only if for any U G of the form 

U := Liy h 

where h G Aia{v, H) fl Vi, (see Provo sition \l.l\ and Definition \2.1\) we have 

U,u G GoiR^) 

Proof: For any k := kgds G Hq.o)) by Lemma [3T] and Proposition [LT] we obtain 

- pI 


[ < , ks > ds 

= E, 

[ < oU^kgoU > 

Jo 


Jo 


= E, 
= E, 
= E„ 


< v'i hg.ksoU > ds 


L./o 


< v'(, ks o U > ds 


< vf, ks o Lf > ds 


E^[< h,k o U >h] 


On the other hand since U is an isomorphism of filtered probability spaces, we have k G ilo.o) 
iff there exists a k G L^([4u, iJg.o) such that u — a.s. k = k o U. Hence the result follows from 
ProDOsition ll.il □ 


Next proposition characterizes the measures in Gy(R^). 
Proposition 8.2. Eor v G Gy(R‘^) we have, v — a.s., 

b^= [ E,.[iY\Ff]dt 

Jo 

where (^^)tG[o.i) is the stochastic process on {W,B{WY,i') defined by 


(^t^)t6[o,i) : (Lw) G [0,1) X IT —)► fY (uj) 


OJi-UJt (1 - s) 

1-t (1-t) 


W{ujs)ds G 


1 -1 
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Proof: By the stochastic Euler-Lagrange condition the process {At) defined by 

At{uj) :=<+ [ {VV){Ws)ds 

Jo 

is a martingale so that we have u ® A — a.s. 


At{u}) = 


1 


1-t 
= E, 


-E„ 

Jt 

Wi - Wt 


Arrda 




i-t 




1 - 1 


-E, 




{yV){W^)da] ds 


-pv 

■’t 


where the last line is obtained by noticing that, from the definition of v'^, we have 


E, 


Wi - Wt 


1-t 


El 


= E, 




1-t 


pv 

•'t 


Hence we obtain u ® X — a.s. 

'Wi - Wt 


(8.111) < = E, 


1 - t 


E'l 


- JjVV){Ws)ds + j^^E, ^ (^j^{VV){W„)da^ds 


E'J 


and the result follows by integrating by parts. 


□ 


8.2. Critical processes of classical Lagrangians and systems of stochastic differential 
equations. 

Theorem 8.1. Let r) S V^d be a Borel probability on R'^. Assume that {X,Y) satisfies the system 


(8.112) 

dXt 

= at{X)dBt + Ytdt 

(8.113) 

dYt 

= dZt-{VV){t,Xt)dt 

(8.114) 

Law{Xif) 

= V 


on some complete stochastic basis {Vl,A,{At)t^[o,i],E), where {Zt) is a cddldg (Alt)tg[o,i)— martin¬ 
gale, (Bt) an {At)—Brownian motion, and {Xt) is {At) — adapted. Then 

x^r e Gy(R‘^) 

and conversely if n G Gv(R.'^) with Wo*u = rj then {Wt,vf) satisfy a system of this form with {at) 
such that W = aa^ on the space {W,B{W)'^,i') with the filtration {Ef) or on one of its extensions 
(see [B]j. 


Proof: We assume that {X, Y, Z) is a solution to (18.1121) (18.1131) (18.1141) on a probability space 
{Ll,A,V) with a filtration (Alt)tg[o,i] for a {At)— Brownian motion B. We set 

u := x^r 


By Proposition 13.11 condition (18.1121) implies that u G S with 


and V — a.s. 


/ a^dt = / atajdt 

Jo Jo 

b‘'oX= f E-p [Yt\g(^] dt 
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where b'^ denotes the finite variation part of u (see Definition II .21) . and where (^E-p denotes 

a cddlag modification of the optional projection of (Yt) on the usual augmentation of the 

filtration generated by X. We now take G [0,1] x W —>■ G to be cddlag, (J'^'^j-adapted 
and such that V — a.s. for all t G [0,1] 

v'^oX = Ep[Yt\gf] 

and we set 

(8.115) := + [ {XV){a,W^)da 

Jo 

We want to prove that {Nj') is a (J'^'^)—martingale. First note that by definition {Zt) is a (At) 
martingale and that for any t G [0,1] C At- Therefore, for any s <t, V — a.s. 

(8.116) Ep [Zt\Gf] = Ep [Zs\Gf] 


On the other hand by (I8.115P and p.50l) we have, forO<s<f<l,P — a.s. 


[ivriJ-r] ox = Ep [xr ox\g^] = Ep 


Ep[Yt\g^]+ / {VV){a,X^)da 




= E'p 


Zt 


-^x 


where Zt := Zt — Zq + Fq. Together with (18.1161) and since {N^) is [E^) adapted we derive, for s < t 


V — a.s. 


E, [iV,"|J-;] oX = Ep 


Zt 


= Ep 


Z. 




= N'J oX 


so that {N^) is a {E^)— martingale on {W,B{WY,v). The converse follows from the definition. 
Indeed take Zt = Nj^, where is the martingale of the stochastic Euler-Lagrange condition. Then 


= dZt + {XV){t,Wt)dt 


and on the other hand, v — a.s. 

dWt = dMl' + v'^dt 

so that the result follows by the martingale representation theorem (see [5]) which can be applied 
on {W,B{Wy, v) or on one of its extensions if a'' is degenerated. □ 


Remark 8.2.1. It is an interesting problem to determine conditions that assure the existence of 
solutions for a system of type i8.112\) - li8.114\ l. Adding a final condition for the process Y leads us 
to the study of forward-backward stochastic differential systems (we refer, for example to [15] 1. 

The next result shows the existence of a probability satisfying the Euler-Lagrange condition for 
a classical Lagrangian with force V = 0. 

Proposition 8.3. Let j he a Borel probability on whose first marginal 71*7 is denoted by 

Vo G E^d, and let := vo{dx)p^ where pZ is the Wiener measure starting from x G 
Assume also that 

(8.117) fij) := inf('H(u|^j,J : v G Vw, {Wq x 1Fi)*u = 7 ) < 00 

where 

E.{v\p,,fi) := E, 

denotes the relative entropy. Then there exists a unique probability v* which attains the infimum 
of Ii8.117\ l and v* G G'o(R‘^). 


In 


dv 

dpun 
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Proof: By a classical application of the Dunford—Pettis theorem, the relative entropy with respect 
to uq has compact level sets (for the weak convergence in measure). Moreover it is strictly convex. 
Since {u S Vw '■ {Wq x is closed (for the weak convergence in measure) and convex, as 

soon as ^( 7 ) < 00 the inflmum is attained by a unique probability v*. If < 00 then in 

particular v « and by the Gisanov theorem u G S_b (see Corollary 17.111 . On the other hand by 
the celebrated formula of [S] if 'H(u|/rj/g) < 00 we have 


2'H{u\fJ.uo) = E„ 



Thus we obtain 

Ih) = inf 

and the result follows by Corollarv l7.ll 



,u G Sb n§ 



□ 


Examples: Let us mention the following examples and counterexamples which follow by simple 
calculus : 

(i) For any x,y G R'^, y,x,y G Go(R‘^), where y,x,y denotes the law of the pinned Brownian motion 
such that Wo = x and Wi = y. 

(ii) For d = 1, let a G [0,1) and be the standard Wiener measure with a.s. Wq = 0. Define 
u to be the probability which is absolutely continuous with respect to yP with density given by 

dv _ (Wi - W«)2 
dyP 1 — Of 

Then Clark—Ocone formula of Malliavin calculus shows that u G Go(R‘^) and that it is the law 
of the non-Markovian stochastic differential equation 

dXt = dBt + 21[c, i](s)-- , _-® 

1 - S + (As - Aq)"^ 

Now if we denote by u* the probability defined by 

dyO dWi^yO^ 

and since y° — a.s. Wq = 0, by Jensen’s inequality u* solves 

ini{'H{r]\yo) : (Wq x Wi)*/? = (Wq x Wi)*i/) 

By the strict convexity of the entropy we obtain 

'E{’^*\do) < < 00 

This proves that, even for the Lagrangian there may exist several elements of Go(R) 

of finite entropy with the same joint laws for Wq and Wi. 

(iii) Assume that 

u : (t, x) G [0,1] X R'^ — >• R'^ 

is a G^’^ function, which is essentially bounded with an essentially bounded gradient, and that 
satisfies the incompressible Navier-Stokes equation 

Alt 

dtu + (it.V)it = —Vp H—div u = 0 


(8.118) 
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By setting 

-^■=exp(^-J u{l - t,Wt)dWt - ^ \u{l - t,Wt)\'icidt^ 

we obtain a probability which is equivalent to the Wiener measure In particular, by the 
Girsanov theorem and Paul Levy’s criterion, we have that 

:=Wt-Wo+ [ u(l - s, Ws)ds 
Jo 

is a Brownian motion on {W,B{Wy, v) so that u G S and A 0 u — a.s. 


Vt = -u{l - t, Wt) 

(see Definition II.21) . Since u satisfies (j8.118|l . the Ito formula directly implies that u G 
for 


i.e. 


is a martingale. 


V =p{l- t,x) 

[ W{s,Ws)ds 

Jo 


References 

[1] Abraham, R., Marsden, J.E., Foundations of Mechanics^ Addison-Wesley Publishing Company; 2nd edition 
(1980) 

[2] Arnold, V.I., Mathematical methods of classical mechanics, Graduate Texts in Mathematics 60, Springer-Verlag; 
2nd edition (1989) 

[3] Dellacherie, C., Meyer, P.A., Theorie des martingales - Chapitres 5, 8, Hermann (????) 

[4] Emery, M., En cherchant une caracterisation variationnelle des martingales, Seminaire de probabilites de Stras¬ 
bourg, 22 (1988), p. 147-154 

[5] Follmer, H., Random fields and diffusion processes., Ecole d’ ete de Saint Flour XV-XVII (1988) 

[6] Ikeda, N., and Watanabe, S., Stochastic Differential Equations and Diffusion Processes, North Holland, Ams¬ 
terdam (Kodansha Ltd., Tokyo) (1981) 

[7] Jacob, J., Shiryaev, A.N., Limit theorems for stochastic processes. Springer Verlag (1987) 

[8] Landau, L.,Lifchitz, Physique Theorique 1 Mecanique, Editions Mir Moscou U.R.S.S.; 4th edition (1988) 

[9] Lassalle, R., Invertibility of adapted perturbations of the identity on abstract Wiener space, J. Func. Anal. 
262(6):2734-2776 (2012) 

[10] Lassalle, K.,Local invertibility of adapted shifts on Wiener space, under finite energy condition. Stochastics 
and Stochastics Reports (2012) 

[11] Lassalle, R., Ustunel, A.S. Local invertibility of adapted shifts on Wiener space, and related topics, Springer 
Proceedings in Mathematics Sz Statistics vol. 34 (2013) 

[12] Lassalle, R., Zambrini, J.C., A weak approach to the stochastic deformation of classical mechanics, submitted 
paper (2014) 

[13] Leonard, C., A survey of the Schrodinger problem and some of its connections with optimal transport, Discrete 
and Cont. Dyn. systems A, 34(4), 1533 (2014) 

[14] Leonard, C. , Roelly, S., Zambrini, J.C., Reciprocal processes. A measure-theoretical point of view, to be 
published in Probability Surveys. 

[15] Ma, j., Yong. j., Forward-Backward Stochastic Differential Equations and their Applications, Lecture Notes in 
Mathematics 1702, Springer (2007) 

[16] Malliavin, P., Integration et probabilites, MASSON (1982) 

[17] Meyer, P.A., Zheng, W.A., Tightness criteria for laws of semi-martingales, Ann. Inst. Poincare, (1984) 




40 


REMI LASSALLE AND ANA BELA CRUZEIRO 


[18] Mikami ,T.,Thieullen,M., Duality Theorem for Stochastic Optimal Control Problem, Stoch. Proc. Appl. 
116,1815-1835, MR230760 (2006) 

[19] Mikami, T., Thieullen, M., Optimal transportation problem by stochastic optimal control (2005) 

[20] Mikami, T., Optimal Transportation Problem as Stochastic Mechanics (2008) 

[21] Robertson, A. P., Robertson, W., Topological Vector Spaces, Cambridge University Press, (1964) 

[22] Tan, X., Touzi, N., Optimal transportation under controlled stochastic dynamics, The Annals of Probability 
(2013) 

[23] Thieullen, M. Zambrini, J.C. Probability and quantum symmetries I, the theorem of Noether in Schrodinger^s 
euclidean quantum mechanics, Ann. Inst. H.Poincare, Phys. theo. Vol 67, N 3, 1997, p.297 

[24] Tsirelson , B.S., An example of stochastic differential equation having no strong solution. Theor. Prob. Appl. 
20 , (1975) , p. 416-418 

[25] USTUNEL, A. S., Entropy, invertibility and variational calculus of adapted shifts on Wiener space, J. Funct. 
Anal. 257, no. 11, 3655-3689. (2009) 

[26] Zambrini, J.C., Stochastic mechanics according to E. Schrodinger, Phys. Rev. A, volume 33, number 3.(1986) 

[27] Zambrini, J.C., Variational processes and stochastic versions of mechanics, J. Math. Phys. 27 (9). (1986) 

[28] Zheng, W.A., Tightness results for laws of diffusion processes application to stochastic mechanics, Annales de 
ri.H.P., section B, tome 21, (1985) 



